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Appendix
This appendix is devoted to prove the results in Section 4 of paper The Identi-
fying Code problem on P4-tidy graphs submitted to ISCO 14.
First, let us observe the following:
Remark 2. Let G be a graph and k ≥ 2. Consider U = {u1, . . . , uk} and
W = {w1, . . . , wk} two subset of vertices of G such that N [ui]∆N [uj ] = {wi, wj}
for all i 6= j. Then, |W ∩ C| ≥ k − 1 for all C ∈ C∆(G).
Now, we give some general properties of separating codes of a spider graphs.
Lemma 2. Let G be a spider graph with partition (S,C,R), with S = {s1, . . . , sr},
C = {c1, . . . , cr} and r ≥ 2. Let W ∈ C∆(G). Then, |W ∩ S| ≥ r − 1 and
W ∩R ∈ C∆(G[R]).
Proof. Firtsly, the fact that |W∩S| ≥ r−1 follows directly from previous remark.
Secondly, N [v]∆N [w] = NG[R][v]∆NG[R][w] for all u, v ∈ R, u 6= v implying that
W ∩R ∈ C∆(G[R]).
Theorem 3. Let G be a spider graph with partition (S,C, ∅), with S = {s1, s2, . . . , sr},
C = {c1, c2, . . . , cr}.
1. If r = 2, γ∆(P4) = γ∆D(P4) = 3 and γ∆D¯(P4) = γ∆DD¯(P4) = 4.
2. If r ≥ 3 and G is a thin spider, then:
γ∆(G) = γ∆D(G) = γ∆D(G) = γ∆DD(G) = r + 1.
3. If r ≥ 3 and G is a thick spider, then:
γ∆(G) = r − 1 and γ∆D(G) = γ∆D¯(G) = γ∆DD¯(G) = r.
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Proof. The results for the case r = 2 are immediate. From now on, r ≥ 3.
From the previous lemma, we know that |W ∩S| ≥ r− 1 for all W ∈ C∆(G).
If G is a thin spider, N [ci]∆N [si] = C − {ci} for all i = 1, . . . , r. Then, if
W ∈ C∆(G), |W ∩C| ≥ 2. Therefore |W | ≥ r+1 and γ∆DD(G) ≥ γ∆(G) ≥ r+1.
Moreover, it is not hard to prove that W = {s1, . . . , sr−1, cr−1, cr} ∈ C∆DD and
then γ∆DD(G) = γ∆D(G) = γ∆D(G) = γ∆(G) = r + 1.
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Fig. 1. Thin spider graph.
Let G be a thick spider. Since {s1, . . . , sr−1} ∈ C∆(G), γ∆(G) = r − 1.
Consider W ∈ C∆D(G). We know that |W ∩ S| ≥ r − 1. However, no subset
of S with r − 1 elements is a dominating set of G. So, γ∆D(G) ≥ r. Since
S ∈ C∆DD¯(G) the result follows.
Theorem 4. Let G be a spider graph with partition (S,C,R), S = {s1, s2, . . . , sr},
C = {c1, c2, . . . , cr} and R 6= ∅.
1. If G is a thin spider, then:
(a) γ∆(G) =
{
r + 1 if |R| = 1
min{r + γ∆(G[R]), r − 1 + γ∆DD(G[R])} if |R| ≥ 2.
(b) γ∆D(G) =
{
γ∆(G) if r ≥ 3 or |R| = 1
2 + γ∆(G[R]) if r = 2 and |R| ≥ 2.
(c) γ∆D(G) = γ∆DD(G) = r + γ∆D(G[R]).
2. If G is a thick spider, then:
(a) γ∆(G) = r − 1 + γ∆D(G[R]).
(b) γ∆D(G) = γ∆DD(G) = r + γ∆D(G[R]).
(c) γ∆D(G) = r + γ∆(G[R]).
Proof. We know that W ∈ C∆(G) implies |W ∩ S| = r − 1 or S ⊆ W . Besides,
(W ∩R) ∈ C∆(G[R]).
Let us denote
C1∆(G) = {W ∈ C∆(G) : S ⊆W} and C2∆(G) = {W ∈ C∆(G) : |S ∩W | = r − 1}.
If W ∈ C1∆(G) we have that |W | ≥ r + γ∆(G[R]). Then, defining
γ1∆(G) = min{|W | : W ∈ C1∆(G)},
we have that γ1∆(G) ≥ r + γ∆(G[R]).
Let G be a thin spider.
1. Let W ∈ C∆(G).
In the case R = {v}, N [ci]∆N [v] = {si} for all i = 1, . . . , r. Then, S ⊆ W .
Moreover, since N [ci]∆N [si] = (C \ {ci}) ∪ {v} for all i = 1, . . . , r we have
that |W ∩ (C ∪ {v})| ≥ 1 and |W | ≥ r + 1. Finally, it is easy to see that
S ∪ {v} ∈ C∆(G) and the thesis follows.
If |R| ≥ 2, (S ∪WR) ∈ C∆(G) for every WR ∈ C∆(G[R]). Then, we have
γ1∆(G) = r + γ∆(G[R]).
Let us now consider subsets W ∈ C2∆(G). We have |W ∩ S| = r − 1 and
w.l.o.g. we can assume that s1 /∈ S. Considering that N [c1]∆N [v] = {s1} ∪
(R \ NG[R][v]) for all v ∈ R, we have that W ∩ (R \ NG[R][v]) 6= ∅ for all
v ∈ R implying W ∩R ∈ CD¯(G[R]) and then W ∩R ∈ C∆D¯(G[R]).
On the other hand, if |W ∩(C\{c1})| ≥ 1 we have that |W | ≥ r+γ∆D¯(G[R]).
Since r + γ∆D¯(G[R]) ≥ r + γ∆(G[R]) = γ1∆(G), defining
γ2∆(G) = min{|W | : W ∈ C2∆(G);W ∩ (C \ {c1}) = ∅}
we have that γ∆(G) = min{γ1∆(G), γ2∆(G)}.
It only remains to prove that γ2∆(G) = r − 1 + γ∆DD¯(G[R]).
Let W ∈ C2∆(G). For all v ∈ R, N [s1]∆N [v] = {s1} ∪NG[R][v] ∪ (C \ {c1}).
Since, with W ∩ (C \ {c1}) = ∅, W ∩ NG[R][v] 6= ∅ for all v ∈ R implying
W ∩ R ∈ C∆DD¯(G[R]) and |W | ≥ r − 1 + γ∆DD¯(G[R]). It only remains to
observe that (S \ {s1}) ∪WR ∈ C∆(G) for all WR ∈ C∆DD¯(G[R]) we have
that γ2∆(G) = r − 1 + γ∆DD¯(G[R]) and the thesis follows.
2. The first part follows observing that, if R = {v}, then S ∪ {v} ∈ C∆D¯(G)
and if |R| ≥ 2 and r ≥ 3, every minimum separating code proposed in the
previous item also verifies property D¯ in G.
Let us consider the case r = 2 and |R| ≥ 2. From the previous item we know
that γ∆(G) = min{2 + γ∆(G[R]), 1 + γ∆DD¯(G[R])}.
If γ∆(G) = 2 +γ∆(G[R]) we have that, for every WR ∈ C∆(G[R]), S ∪WR ∈
C∆D¯(G) and then γ∆D¯(G) = γ∆(G).
If γ∆(G) < 2 + γ∆(G[R]), we have that γ∆DD¯(G[R]) = γ∆(G[R]) and then
γ∆(G) = 1 + γ∆(G[R]). In this case, every minimum separating code W of
G verifies W = {si} ∪WR for some i = 1, 2 and WR ∈ C∆DD¯(G[R]). This
kind of separating codes do not intersect V (G) \N [ci] and then, γ∆D¯(G) ≥
(1 + γ∆(G[R])) + 1 = 2 + γ∆(G[R]). It only remains to recall that for every
WR ∈ C∆(G[R]), S ∪WR ∈ C∆D¯(G) and then γ∆D¯(G) = 2 + γ∆(G[R]).
3. First observe that, for every WR ∈ C∆D(G[R]), S ∪WR ∈ C∆DD¯(G). Then,
γ∆D(G) ≤ γ∆DD¯(G) ≤ r + γ∆D(G[R]).
Next, we prove that |W | ≥ r + γ∆D(G[R]) for all W ∈ C∆D(G). Since
N [si] = {si, ci}, |W ∩ (S ∪ C)| ≥ r.
If |W ∩ (S ∪ C)| ≥ r + 1, since W ∩ R ∈ C∆(G[R]) we have that |W | ≥
r + 1 + γ∆(G[R]) ≥ r + γ∆D(G[R]).
Let us observe that it only remains to consider the case |W ∩ (S ∪ C)| = r.
So, if S ⊂ W , W ∩ C = ∅. Since N [v] = NR[v] ∪ C for all v ∈ R, we need
that W ∩R ∈ C∆D(G[R]) and then |W | ≥ r + γ∆D(G[R]).
The last case isW∩(S∪C) = (S\{si})∪{cj}, for some i, j = 1, . . . , r. If i 6= j,
N [si]∩W = ∅. So, let us consider i = j. Since N [v]∆N [si] = {si}∪NG[R][v]
for all v ∈ R, we have that W ∩R ∈ C∆D(G[R]) and the result follows.
Let G be a thick spider with r ≥ 3.
1. Let us first observe that, for every i = 1, . . . , r, S \ {si} ∪WR ∈ C∆(G), for
all WR ∈ C∆D(G[R]). Then γ∆(G) ≤ (r − 1) + γ∆D(G[R]).
We only need to prove that, for all W ∈ C∆(G), |W | ≥ (r− 1) + γ∆D(G[R]).
Let W ∈ C∆(G). We know that |W ∩ S| = r − 1 or S ⊆W .
If |W ∩ S| = r − 1, w.l.o.g we can assume that s1 /∈ W . Now, for every
v ∈ R, N [s1]∆N [v] = {s1} ∪ NG[R][v]. Then, W ∩ R ∈ C∆D(G[R]) and
|W | ≥ (r − 1) + γ∆D(G[R]).
Lastly, if S ⊂ R, |W | ≥ r + γ∆(G[R]) ≥ r + (γ∆D(G[R])− 1).
2. Let WR ∈ C∆D(G[R]), then S ∪WR ∈ C∆DD¯(G) and γ∆D(G) ≤ γ∆DD¯(G) ≤
r + γ∆D(G[R]).
To obtain the lower bound, consider W ∈ C∆D(G).
First, suppose that C ∩W = ∅. Therefore, S ⊆W and W ∩R ∈ C∆D(G[R]).
So, we conclude that |W | ≥ r + γ∆D(G[R]).
Consider C ∩W 6= ∅.
If |C ∩ W | ≥ 2, since |S ∩ W | ≥ r − 1 and W ∩ R ∈ C∆(G[R]), then
|W | ≥ r + 1 + γ∆(G[R]) ≥ r + γ∆D(G[R]). Now, assume that C ∩ W =
{ci} for some i = 1, . . . , r. If S ⊆ W , easily follows that |W | ≥ r + 1 +
γ∆(G[R]) ≥ r + γ∆D(G[R]). Finally, let sj ∈ S \ W . Notice that i 6= j,
since N [si] = C \ {ci} and W is a dominating set of G. Then, suppose that
W ∩ R is not a dominating set of G[R], i.e., there is a vertex v ∈ R such
that NG[R][v]∩W = ∅. Therefore, (N [sj ]∆N [v])∩W = ∅ which contradicts
the fact that W is a separating code of G. Hence, W ∩R ∈ C∆D(G[R]) and
|W | ≥ r + γ∆D(G[R]).
Thus, γ∆D(G) ≥ r + γ∆D(G[R]) and the result holds.
3. To compute γ∆D¯(G), firstly observe that if WR ∈ C∆(G[R]) then S ∪WR ∈
C∆D¯(G) and γ∆D¯(G) ≤ r + γ∆(G[R]).
Besides, if W ∈ C∆D¯(G), we know that W ∩ R ∈ C∆(G[R]) and S ⊆ W ,
since V (G) \N [ci] = {si} for all i = 1, . . . , r. Therefore, |W | ≥ r+γ∆(G[R])
and the result follows.
Quasi-spider graphs
W.l.o.g. we call s′1 and s1 the vertices of S2 in (S ←↩ S2, C,R) and c′1 and c1 the
vertices of S2 in (S,C ←↩ S2, R).
Notice that if G = (S ←↩ S2, C,R) and W ∈ C∆(G), then N [s′1]∆N [s1] =
{s′1, s1}. Therefore, w.l.o.g. we suppose that s′1 ∈ W . Analogously, if G =
(S,C ←↩ S2, R), we consider c′1 ∈W .
Theorem 5. Let G = (S ←↩ S2, C, ∅) be a quasi-spider graph, with S = {s1, s2, . . . , sr},
C = {c1, c2, . . . , cr}.
1. If r = 2,
γ∆(G) = γ∆D(G) = 3 and γ∆D¯(G) = γ∆DD¯(G) = 4.
2. If r ≥ 3 and G is a thin quasi-spider, then:
γR(G) = r + 1, for all R ∈ R∆.
3. If r ≥ 3 and G is a thick quasi-spider, then:
γ∆(G) = γ∆D¯(G) = r and γ∆D(G) = γ∆DD¯(G) = r + 1.
Proof. It is not hard to obtain γR(G) for the graph in the case r = 2.
Let r ≥ 3 andG a thin quasi-spider. LetW ∈ C∆(G). Notice thatN [ci]∆N [cj ] =
{si, sj} for all i, j ≥ 2, i 6= j. Then, from Remark 2, |{s2, . . . , sr} ∩W | ≥ r − 2.
Futhermore, N [ci]∆N [si] = C \ {ci} for all i = 1, . . . , r. Therefore, |C ∩W | ≥ 2
or {c1, s1} ⊆W . Hence, |W | ≥ r + 1 (recall that s′1 ∈W ), i.e. γ∆(G) ≥ r + 1.
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Fig. 2. Thin quasi-spider graph (S ←↩ S2, C, ∅).
Finally, observe that {s′1, s2, . . . , sr−1, c1, cr} ∈ C∆DD¯(G). Thus, γR(G) =
r + 1, for all R ∈ R∆.
Consider r ≥ 3 andG a thick quasi-spider. LetW ∈ C∆(G). Again,N [ci]∆N [cj ] =
{si, sj} for all i, j ≥ 2, i 6= j. Then, |{s2, . . . , sr}∩W | ≥ r−2. W.l.o.g. we suppose
{s′1, s2, . . . , sr−1} ⊆W .
Since N [s1]∆N [sr] = {s1, c1, sr, cr}, we have that |W | ≥ r, i.e. γ∆(G) ≥ r.
Notice that {s′1, s2, . . . , sr} ∈ C∆D¯(G). Therefore, γ∆(G) = γ∆D¯(G) = r.
Now, consider W ∈ C∆D(G). From previous reasoning, we can suppose
{s′1, s2, . . . , sr−1} ⊆W . Besides, |{s1, c1, sr, cr} ∩W | ≥ 1.
Assume |{s1, c1, sr, cr} ∩W | = 1 and |W | = r. If |{s1, c1} ∩W | = 1, N [sr] ∩
W = ∅ and if |{cr, sr} ∩W | = 1, N [s1] ∩W = ∅.
Hence, |W | ≥ r+1, i.e. γ∆D(G) ≥ r+1. To conclude, observe that {s′1, s1, . . . , sr} ∈
C∆DD¯(G). Thus, γ∆D(G) = γ∆DD¯(G) = r + 1.
Theorem 6. Let G = (S ←↩ S2, C,R) be a quasi-spider graph, with S =
{s1, s2, . . . , sr}, C = {c1, c2, . . . , cr} and R 6= ∅.
1. If r = 2,
(a) γ∆(G) = γ∆D(G) = 2 + γ∆D(G[R]),
(b) γ∆D(G) = 3 + min{γ∆D(G[R]), γ∆D¯(G[R])} and
(c) γ∆DD¯(G) = 3 + γ∆D(G[R]).
2. If r ≥ 3 and G is a thin quasi-spider, then:
(a) γ∆(G) = γ∆D(G) = r + γ∆D(G[R]),
(b) γ∆D(G) = γ∆DD(G) = r + 1 + min{γ∆D(G[R]) = γ∆D¯(G[R])}.
3. If r ≥ 3 and G is a thick quasi-spider, then:
(a) γ∆(G) = γ∆D¯(G) = r + γ∆D(G[R]),
(b) γ∆D(G) = r + 1 + γ∆(G[R]),
(c) γ∆DD¯(G) =
{
γ∆D(G) if |R| ≥ 2
r + 2 if |R| = 1.
Proof. Let G = (S ←↩ S2, C,R) be a thin quasi-spider graph.
First, consider W ∈ C∆(G). We know that |{si, ci} ∩W | ≥ 1 for all i ∈ M ,
where M ⊆ {1, . . . , r} and |M | = r − 1. Besides, |{s2, . . . , sr} ∩W | ≥ r − 2 and
W ∩R ∈ C∆(G[R]).
Observe that {s′1, s2, . . . , sr} ∪ WR ∈ C∆D¯(G), for all WR ∈ C∆D(G[R]).
Therefore, γ∆(G) ≤ γ∆D(G) ≤ r + γ∆D(G[R]).
If |W∩{s1, c1, . . . , sr, cr}| ≥ r, then |W | ≥ r+1+γ∆(G[R]) ≥ r+γ∆D(G[R]).
Suppose |W ∩{s1, c1, . . . , sr, cr}| = r−1 and |W ∩{si, ci}| = 1 for all i ∈M .
If W ∩C = {ci} for some i = 1, . . . , r, (N [si]∆N [v])∩W = NG[R][v]∩W , for all
v ∈ R. If W ∩C = ∅ and s1 ∈W , there exists j ≥ 2 such that {sj , cj} ∩W = ∅.
Therefore, (N [sj ]∆N [v])∩W = NG[R][v]∩W , for all v ∈ R. Thus, in both cases,
W ∩R ∈ C∆D(G[R]) and |W | ≥ r + γ∆D(G[R]).
If |W ∩C| ≥ 2 (r ≥ 3), there exists j, j′ ≥ 2, j 6= j′, such that {sj , sj′}∩W =
∅, wich contradics the fact that |{s2, . . . , sr} ∩W | ≥ r − 2.
Thus, γ∆(G) = γ∆D(G) = r + γ∆D(G[R]).
Let W ∈ C∆D(G). We have that s′1 ∈ W , W ∩ R ∈ C∆(G[R]) and |W ∩
{s1, c1, . . . , sr, cr}| ≥ r.
If |W∩{s1, c1, . . . , sr, cr}| ≥ r+1, |W | ≥ r+2+γ∆(G[R]) ≥ r+1+γ∆D(G[R]).
Let us suppose that |W ∩{s1, c1, . . . , sr, cr}| = r, i.e. |W ∩{si, ci}| = 1 for all
i = 1, . . . , r. If W ∩ C = ∅, W ∩R ∈ C∆D(G[R]). If W ∩ C = {c1}, s1 /∈ W and
(N [s1]∆N [v]) ∩W = NG[R][v] ∩W , for all v ∈ R. Then, W ∩ R ∈ C∆D(G[R]).
In both cases |W | ≥ r + 1 + γ∆D(G[R]).
Now, consider that cj ∈W for some j ≥ 2. Then, sj /∈W and (N [cj ]∆N [v])∩
W = (R \ NG[R][v]) ∩ W , for all v ∈ R. Hence, W ∩ R ∈ C∆D¯(G[R]) and
|W | ≥ r + 1 + γ∆D¯(G[R]).
Thus, γ∆D(G) ≥ r + 1 + min{γ∆D(G[R]), γ∆D¯(G[R])}.
Finally, notice that {s′1, s1, . . . , sr} ∪WR ∈ C∆D(G) for all WR ∈ C∆D(G[R])
and {s′1, c1, c2, s3, . . . , sr} ∪WR ∈ C∆D(G) for all WR ∈ C∆D¯(G[R]).Therefore,
γ∆D(G) = r + 1 + min{γ∆D(G[R]), γ∆D¯(G[R])}.
Besides, if r ≥ 3, {s′1, s1, . . . , sr} ∪WR ∈ C∆DD¯(G) for all WR ∈ C∆D(G[R])
and {s′1, c1, c2, s3, . . . , sr} ∪ WR ∈ C∆DD¯(G) for all WR ∈ C∆D¯(G[R]). Then,
γ∆DD¯(G) = γ∆D(G).
Let r = 2, from previous reasoning, it is not hard to obtain that γ∆DD¯(G) =
3 + γ∆D(G[R]).
Let r ≥ 3 and G = (S ←↩ S2, C,R) a thick quasi-spider.
Let W ∈ C∆(G). From previous remarks we know that W ∩ R ∈ C∆(G[R])
and w.l.o.g. we can assume that {s′1, s2, . . . , sr−1} ⊆W .
Notice that N [s1]∆N [sr] = {s1, c1, sr, cr}, N [s1]∆N [v] = {s1, c1} ∪NG[R][v]
and N [sr]∆N [v] = {sr, cr}∪NG[R][v] for all v ∈ R. Then, W∩{s1, c1, sr, cr} 6= ∅,
({s1, c1} ∪NG[R][v]) ∩W 6= ∅ and ({sr, cr} ∪NG[R][v]) ∩W 6= ∅ for all v ∈ R.
If |W ∩ {s1, c1, sr, cr}| ≥ 2, |W | ≥ r + 1 + γ∆(G[R]) ≥ r + γ∆D(G[R]).
Consider |W ∩ {s1, c1, sr, cr}| = 1. Then, W ∩ R ∈ C∆D(G[R]) and |W | ≥
r + γ∆D(G[R]).
Finally, from the fact that {s′1, s2, . . . , sr−1, c1} ∪WR ∈ C∆(G) for all WR ∈
C∆D(G[R]), we can conclude that γ∆(G) = r + γ∆D(G[R]).
If |R| = 1, {s′1, s2, . . . , sr, c1} ∈ C∆D¯(G) and thus γ∆(G) = r + 1.
If |R| ≥ 2, {s′1, s2, . . . , sr} ∪WR ∈ C∆D¯(G) for all WR ∈ C∆D(G[R]). Hence,
γ∆D¯(G) = γ∆(G).
Let W ∈ C∆D(G).
From previous reasoning to compute γ∆D(G
′) for a thick quasi-spider G′ =
(S ←↩ S2, C, ∅), we can deduce that |W∩(V (G)\R)| ≥ r+1. Therefore, γ∆D(G) ≥
r + 1 + γ∆(G[R]). If |R| ≥ 2, notice that, {s′1, s2, . . . , sr, c1} ∪WR ∈ C∆DD¯(G)
for all WR ∈ C∆(G[R]). Therefore, γ∆D(G) = γ∆DD¯(G) = r + 1 + γ∆(G[R]).
If |R| = 1, observe that {s′1, s2, . . . , sr−1, c1, cr} ∈ C∆D(G) and then γ∆D(G) =
r + 1.
Finally, let W ∈ C∆DD¯(G). Then, {s′1, s2, . . . , sr} ⊆W since N [ci] = V (G) \
{si} for all i ≥ 2. Besides, if R = {v}, N [s1] = {s1}∪ (C \ {c1}), N [v] = {v}∪C
and N [s1]∆N [v] = {s1, c1, v}, then W ∩({s1}∪(C\{c1})) 6= ∅, W ∩({v}∪C) 6= ∅
and W ∩ {s1, c1, v} 6= ∅. Hence, |W | ≥ r + 2. Since {s′1, s2, . . . , sr, c1, cr} ∈
C∆DD¯(G), γ∆DD¯(G) = r + 2.
Theorem 7. Let G = (S,C ←↩ S2, ∅) be a quasi-spider graph, with S = {s1, s2, . . . , sr}
and C = {c1, c2, . . . , cr}.
1. If r = 2, γ∆(G) = 2, γ∆D(G) = 3. and γ∆D¯(G) = γ∆DD¯(G) = 4.
2. If r ≥ 3 and G is a thin quasi-spider, then
γR(G) = r + 1, for all R ∈ R∆.
3. If r = 3 and G is a thick quasi-spider, then
γR(G) = 4, for all R ∈ R∆.
4. If r ≥ 4 and G is a thick quasi-spider, then
γ∆(G) = γ∆D(G) = r and γ∆D¯(G) = γ∆DD¯(G) = r + 1.
Proof. It is not hard to obtain γR(G) for the graph in the case r = 2 and
R ∈ R∆.
Let r ≥ 3 and G a thin quasi-spider. Let W ∈ C∆(G). From previous results,
w.l.o.g. we can assume that {c′1, s2, . . . , sr−1} ⊆W . Notice that N [c1]∆N [sr] =
{s1, sr, c1, . . . , cr−1}. Therefore, |W | ≥ r. Assume that |W | = r. If s1 or sr
belongs to W then (N [s1]∆N [c
′
1])∩W = ∅. If c1 ∈W , (N [s1]∆N [cr])∩W = ∅.
Finally, if ci ∈W for some i ≥ 2, (N [c′1]∆N [cr]) ∩W = ∅.
Therefore, |W | ≥ r + 1. Lastly, since {c′1, c1, s2, . . . , sr} ∈ C∆DD¯(G), we
conclude that γR(G) = r + 1 for all R ∈ R∆.
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Fig. 3. Thin quasi-spider graph (S,C ←↩ S2, ∅).
Let r ≥ 3 and G a thick quasi-spider.
It is not difficult to obtain γR(G) for the graph in the case r = 3 and R ∈ R∆.
Consider r ≥ 4.
Let W ∈ C∆(G). W.l.o.g. we can assume that {c′1, s2, . . . , sr−1} ⊆W . Notice
thatN [c′1]∆N [cr] = {s1, sr, c1}. Therefore, |W | ≥ r. Then, since {s1, . . . , sr−1, c′1} ∈
C∆D(G), γ∆(G) = γ∆D(G) = r.
Let W ∈ C∆D¯(G). Observe that V (G) \N [ci] = {si} for all i ≥ 2. Then, we
have that {c′1, s2, . . . , sr} ⊆W . Besides, |W | ≥ r+1 since V (G)\N [c′1] = {c1, s1}.
Finally, as {c′1, s1, . . . , sr} ∈ C∆DD¯(G), then γ∆D¯(G) = γ∆DD¯(G) = r + 1.
Theorem 8. Let G = (S,C ←↩ S2, R) be a quasi-spider graph, with S =
{s1, s2, . . . , sr}, C = {c1, c2, . . . , cr} and R 6= ∅.
1. If G is a thin quasi-spider, then:
(a) If |R| = 1, γR(G) = r + 2, for all R ∈ R∆.
(b) If |R| ≥ 2, γ∆(G) = r+γ∆D¯(G[R]) and γ∆D(G) = r+min{γ∆DD¯(G[R]), 1+
γ∆(G[R])}.
(c) if r ≥ 3,
γ∆D¯(G) =
{
3 + γ∆(G[R]) if r = 2,
γ∆(G) if r ≥ 3.
(d) γ∆DD¯(G) =
{
γ∆D¯(G) if r = 2,
γ∆D(G) if r ≥ 3.
2. If G is a thick quasi-spider, r = 3 and |R| = 1, γR(G) = 4 for all R ∈ R∆.
3. If G is a thick quasi-spider, r ≥ 4 or |R| ≥ 2,
(a) γ∆(G) = r + γ∆(G[R]),
(b) γ∆D(G) = r + γ∆D(G[R]) and
(c) γ∆D¯(G) = γ∆DD¯(G) = r + 1 + γ∆(G[R]).
Proof. Let G = (S,C ←↩ S2, R) be a thin quasi-spider.
Consider W ∈ C∆(G).
Let |R| = 1. If R = {v}, N [ci]∆N [v] = {si} for all i ≥ 2. Then, w.l.o.g.
we can assume that {c′1, s2, . . . , sr} ⊆ W . Notice that W ∩ {s1, c1} 6= ∅ since
N [c′1]∆N [v] = {s1, c1}. If s1 ∈W , from the fact thatN [s1]∆N [c′1] = {v, c1, . . . , cr},
we have that |W | ≥ r + 2. On the other hand, if c1 ∈ W , N [s1]∆N [v] =
{s1, v, c2, . . . , cr} and then |W | ≥ r + 2.
Finally, since {c′1, c1, s1, . . . , sr} ∈ C∆DD¯(G), γR(G) = r + 2.
Now, let |R| ≥ 2. W.l.o.g. we have {c′1, s2, . . . , sr−1} ⊆W . Besides,N [c′1]∆N [cr] =
{s1, c1, sr}. Then, |W ∩ (V (G) \ R)| ≥ r. If W ∩ R ∈ C∆D¯(G[R]) then |W | ≥
r+γ∆D¯(G[R]). Suppose that W ∩R /∈ CD¯(G[R]). Therefore, there exist a vertex
v ∈ R such that (R \ NG[R][v]) ∩W = ∅. So, N [v]∆N [ci] = {si} for all i ≥ 2.
Then, {c′1, s2, . . . , sr} ⊆ W . Futhermore, since N [c′1]∆N [v] = {s1, c1}, we have
that |W | ≥ r + 1 + γ∆(G[R]) ≥ r + γ∆D¯(G[R]).
Therefore, γ∆(G) ≥ r+γ∆D¯(G[R]). On the other hand, notice that {c′1, s1, . . . , sr−1}∪
WR ∈ C∆D(G), for all WR ∈ C∆D¯(G[R]). Hence, γ∆(G) = r + γ∆D¯(G[R]). Ob-
serve that if r ≥ 3, {c′1, s1, . . . , sr−1} ∪WR ∈ C∆D¯(G), for all WR ∈ C∆D¯(G[R])
and then γ∆D¯(G) = γ∆(G). If r = 2 and W ∈ C∆D¯(G), we have that s1 ∈ W
since N [c2] = V (G)\{s1}. Then, {c′1, s1} ⊆W . Besides, N [c′1] = V (G)\{c1, s2}
and then |W ∩ (V (G) \ R)| ≥ 3. Thus, from the fact that {c′1, s1, s2} ∪WR ∈
C∆DD¯(G) for all WR ∈ C∆(G[R]), we obtain that γ∆D¯(G) = γ∆DD¯(G) =
3 + γ∆(G[R]).
Now, consider |R| ≥ 2 and W ∈ C∆D(G). We know that c′1 ∈ W , {si, ci} ∩
W 6= ∅ for all i ≥ 2 and W ∩R ∈ C∆(G[R]). Therefore, |W ∩ (V (G)\R)| ≥ r and
|W | ≥ r + γ∆(G[R]). Suppose |W ∩ (V (G) \R)| = r, then {s1, c1} ∩W = ∅ and
N [c′1]∆N [v] = R\NG[R][v], for all v ∈ R. Hence, W ∩R ∈ C∆D¯(G[R]). Moreover,
if ci ∈ W for some i ≥ 2, W ∩ (N [c′1]∆N [ci]) = ∅. Then, W ∩ (V (G) \ R) =
{c′1, s2, . . . , sr}. Also, W ∩ R ∈ C∆DD¯(G[R]), since W ∩ (N [s1]∆N [v]) = W ∩
NG[R][v], for all v ∈ R. Thus, if |W ∩ (V (G) \R)| = r, |W | ≥ r + γ∆DD¯(G[R]).
On the other hand, if |W ∩ (V (G) \R)| ≥ r + 1, |W | ≥ r + 1 + γ∆(G[R]).
Finally, notice that {c′1, s2, . . . , sr}∪WR ∈ C∆D(G) for all WR ∈ C∆DD¯(G[R])
and {c′1, s1, . . . , sr} ∪WR ∈ C∆D(G) for all WR ∈ C∆(G[R]). Thus, if |R| ≥ 2,
γ∆D(G) = γ∆DD¯(G) = r + min{γ∆DD¯(G[R]), 1 + γ∆(G[R])}.
Futhermore, if r ≥ 3, both previous sets belong to C∆DD¯(G) and then
γ∆DD¯(G) = γ∆D(G).
Next, let us consider r ≥ 3 and G = (S,C ←↩ S2, R) a thick quasi-spider.
If r = 3 and |R| = 1, it is not hard to prove that γR(G) = 4 for this graph G
and R ∈ R∆.
Let r ≥ 4 or |R| ≥ 2.
Consider W ∈ C∆(G). We know that N [ci]∆N [cj ] = {si, sj}, for all i, j ≥ 2
and i 6= j. Then, w.l.o.g. we can assume that {c′1, s2, . . . , sr−1} ⊆ W . Besides,
W ∩ (N [c′1]∆N [cr]) = W ∩ {s1, c1, sr} 6= ∅. Therefore, |W | ≥ r + γ∆(G[R])
and γ∆(G) = r + γ∆(G[R]) since {c′1, s2, . . . , sr} ∪WR ∈ C∆(G) for all WR ∈
C∆(G[R]).
Now, let W ∈ C∆D(G). From previous reasoning, we have that |W ∩ (V (G) \
R)| ≥ r and, since N [c′1]∆N [cr] = {s1, sr, c1}, if |W ∩ (V (G) \ R)| = r, then
W ∩ (V (G) \ R) = {c′1, s2, . . . , sr}, W ∩ (V (G) \ R) = {c′1, s1, . . . , sr−1} or
W ∩ (V (G) \ R) = {c′1, c1, s2, . . . , sr−1}. Notice that N [s1] ∩ {c′1, s2, . . . , sr} =
N [s1] ∩ {c′1, c1, s2, . . . , sr−1} = ∅. Therefore, if |W ∩ (V (G) \ R)| = r, W ∩
(V (G) \R) = {c′1, s1, . . . , sr−1} and W ∩R ∈ C∆D(G[R]), since (N [sr]∆N [v]) ∩
W = NG[R][v] ∩ W . Moreover, as {c′1, s1, . . . , sr−1} ∪ WR ∈ C∆D(G) for all
WR ∈ C∆D(G[R]), we can conclude that γ∆D(G) = r + γ∆D(G[R]).
Finally, let W ∈ C∆D¯(G). We can assume that {c′1, s2, . . . , sr} ⊆ W , since
N [ci] = V (G)\{si} for all i ≥ 2. Also, from the facts that N [c′1] = V (G)\{s1, c1}
and W ∩R ∈ C∆D¯(G[R]), we have |W | ≥ r+ 1 + γ∆(G[R]). As {c′1, s1, . . . , sr}∪
WR ∈ C∆DD¯(G) for all WR ∈ C∆(G[R]), we obtain that γ∆D¯(G) = γ∆DD¯(G) =
r + 1 + γ∆(G[R]).
